1. Introduction. In the present note three problems concerning nil-rings are proposed and certain relations linking these problems to one another are discussed.
number of ideals between U(S') and L(S') which are not radical ideals (see Theorem 5 in §3). If S is a ring with a semi-nilpotent upper radical U(S), and if U(S)Z)L(S) 1 then 5 contains an infinite number of ideals between U(S) and L(S) which are not radical ideals (see Theorem 6 in §3).
Remarks. From Theorem 4 it follows that if the first problem is answered in the affirmative then this will apply also to the second problem. From Theorem 5 it follows that if the second problem is answered in the negative then this will also apply to the third problem. The above-mentioned example of R. Baer is of a nil-ring U of which it can be easily proved that it is semi-nilpotent. In fact, the proof for the semi-nilpotency of U is implicitly contained in Baer's proof for the nillity of U (see [l, §2] ). Thus our Theorem 6 explains the phenomenon which was described by Baer in his example. This theorem in conjunction with Theorem 5 seems to justify the conjecture that the answer to the third problem is in the negative.
Notations. If the ring T is generated by the finite set of elements ht hy • • • , t ni then we write 7"= {h, h,
The ideal, the right ideal and the left ideal in the ring 5 which are generated by a finite set of elements au a%, • • • , a n will be denoted by (au #2, • • • , a n ), (au a 2 , • • • , a n ) r and (a u a 2 In case w = lwe obtain R = aiR, which by successive left multiplication yields R = a\R for each k y that is, aJ^O for each k> which is a contradiction to the nillity of JR. NOW suppose that n ^ 2 and define w so that By putting T-^fZ\aiR we then have
By (3) it follows that a m can be represented in the form (1) is impossible, which implies that R 2 (ZR- THEOREM 
If Ris a nonzero semi-nilpotent right ideal with a proper right basis in a ring S, then R 2 QR.
PROOF. For a certain integer n we have by assumption R = X)?-ia t -5 with a^R, i = l 1 --• , n. Now denote by N the radical 3 of »S, then RQN, and Sa { SQN (see [3, §2] £ 0 for each m. But this is a contradiction, since N is semi-nilpotent, BÇ2N, and J3 is generated by a finite set of elements.
Remark. Each nil-ideal of a ring S is contained in the upper radical U(S) of 5. Only a slight modification of the proof of Theorem 1 is necessary in order to extend the validity of that theorem to one-sided ideals of S which are contained in U(S). In this generalized form, Theorem 1 would include Theorem 2 as a special case, since each semi-nilpotent one-sided ideal lies in the radical 3 N of 5, which in turn is a subset of the upper radical. By (11) it follows that B m^0 , O^O for each m, which is a contradiction to the semi-nilpotency of N.
Proof of statements made in the introduction.
The proof of the following Theorem 4 follows directly from the author's results in [3, §2] , while Theorems 5 and 6 are based on our results in §2. THEOREM is nilpotent. PROOF. Denote by 01, 02, • • • , a n an arbitrary finite set of nonzero elements of A and consider the nonzero ideal A\ = (01, 02, • • • , a n ) of 5 which lies in A. As may easily be verified, we then have A\= ^i^iAiüiAi. Now suppose that A\=Ai f then we would have Ai= XXi^i a^i £ Sî-i^SCil!, that is, Ax= 2j«i5a<5, which is a contradiction to Theorem 3 in §2. Hence we have A\C.Ai, which implies that the ideal A\/A\ of the ring S/A\ is nilpotent, that is,
If S is a ring in which the K-radical does not exist, then S contains an infinite number of right ideals as well as of left ideals which are semi-regular nil-rings.

PROOF. First note that 5 contains right nil-ideals as well as left nil-ideals which are not in the upper radical U(S) of S. Indeed, by assumption S contains a one-sided nil-ideal A so that A <£ U(S). Now define the element a so that aÇ^A but a(£ U(S), then the right ideal {a) r and the left ideal (a)i are nil-ideals which are not in U(S). Now denote by R any right nil-ideal so that R(£ U(S), then also R 2 (£ U(S), since U(S) is a radical ideal. Consequently R contains an element #i so that ai2?(t U(S)
.
LEMMA 4. If the lower radical of a ring S is zero and if the upper radical U(S) is semi-regular, then S contains a subring T so that U(S)'0>T= U(T)~Z)L(T) and T contains an infinite number of ideals between U(T) and L(T) which are not radical ideals.
Bi~A\
is not a radical ideal. By L(S) = 0 it follows that J3O0. Since OQBiQA, we may repeat with B\ the same procedure, and thus (by induction) obtain an infinite sequence of semi-nilpotent ideals BiZ)B{DBzZ^ ' ' • none of which is a radical ideal, q.e.d. 
